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Abstract. Let χ be a primitive Dirichlet character with conductor f > 1. Let l be
any positive integer which is prime to f . We also put ζ = exp(2πi/f ). In this paper, we
generalize a theorem of Ibukiyama and express periodic generalized Bernoulli functions by






(ζ la − 1)n(ζ a − 1) ,
Sn(l, χ; e1, . . . , en) =
f−1∑
a1,...,an+1=1
χ(l(a1 + · · · + an)+ an+1) ae11 · · · aenn an+1 ,
by generalized Bernoulli numbers using only elementary methods from algebra and number
theory.
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1. Introduction






The action of the symplectic group Sp(4,Fp) on the space of Siegel cusp forms of de-
gree 2 belonging to the principal congruence subgroup Γ (p) was studied independently by
Tsushima, Lee-Weintraub, and Hashimoto. Tsushima [7], [8] and Lee-Weintraub [5] stud-
ied this action by using the holomorphic Lefshetz fixed-point theorem of Atiyah-Singer,
where traces of this action gave rise to certain exponential sums. Hashimoto on the other
hand studied this action by using the Selberg trace formula, where certain traces of this
action were expressed by special values of certain L-functions. By comparing some part
of apparently different results by Tsushima [8] and Hashimoto [3], one obtains a formula
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by the class number of the quadratic field Q(
√−p). In Remark 3 of [3], Hashimoto raised
the question of finding a direct proof of this formula. Ibukiyama answered this question in
[4] and generalized it further with the help of the following theorem.
Let χ be a Dirichlet character modulo f with conductor fχ . For any natural number
l and any integer u with u | l, denote by lu the u-primary part of l, that is, the maximum
integer which divides l and is prime to u. For any natural number m, we denote by Y (m)
the set of primitive Dirichlet characters modulo m. We denote by φ Euler’s phi function.
The following is Ibukiyama’s Theorem 2 in [4].
THEOREM 3.5 [4]. Let l be a natural number prime to fχ and c be a natural number
prime to l with 1 ≤ c ≤ l − 1. If χ is nontrivial and primitive, we get
fχ−1∑
n=0














REMARK. Although not stated by Ibukiyama, it should be emphasized that the
theorem is true only for a nontrivial primitive character χ .
In this paper, we generalize this theorem and use it to derive formulas for a new family
of character sums. For any natural number l prime to f and any integer c, we follow













χ(la + c) ,
where Bk(x) denotes the kth periodic Bernoulli function given by Bk(x) = Bk(x − [x]).
We express periodic generalized Bernoulli functions Bk,χ (c/l) by generalized
Bernoulli numbers by generalizing Ibukiyama’s Theorem 2 in [4].




















REMARK. Contrary to Ibukiyama’s theorem, our theorem remains true for any
Dirichlet character χ . Additionally, our theorem is valid for all k which allows us to eval-
uate a new family of character sums. It is easy to see, as we show later, that Ibukiyama’s
theorem is a special case of our theorem.
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In the following, we assume that χ is a primitive Dirichlet character with conductor
f > 1, and l is a natural number prime to f . We also put ζ = exp(2πi/f ). As a corollary





(ζ la − 1)n(ζ a − 1) ,
Sn(l, χ; e1, . . . , en) =
f−1∑
a1,...,an+1=1
χ(l(a1 + · · · + an)+ an+1) ae11 · · · aenn an+1 ,
by generalized Bernoulli numbers using only elementary methods from algebra and number
theory. These sums are natural generalizations of sums appearing in [1], where the formulas
forMn(l, χ) and Sn(l, χ; e1, . . . , en) in the case l = 1 were obtained.
REMARK. The sum M1(l, χ) without the character is the classical Dedekind sum
s(l, f ) up to trivial constants. For this reason, we refer to the sum Mn(l, χ) as a twisted
generalization of the classical Dedekind sum.
To express the sumsMn(l, χ), Sn(l, χ; e1, . . . , en) by generalized Bernoulli numbers,
we first express them by periodic generalized Bernoulli functions Bk,χ (c/l).
THEOREM 4.4. Let χ be a primitive Dirichlet character with conductor f > 1, and
l be a natural number prime to f . Then, we have






























are Stirling numbers of the first kind (Stirling’s cycle numbers).
REMARK. When l = 1, Theorem 4.4 reduces to Corollary 8.7 in [1].
The relationship between the sums Mn(l, χ) and Sn(l, χ; e1, . . . , en) can be seen by
the following theorem.
THEOREM 4.5. Let χ be a primitive Dirichlet character with conductor f > 1, and
l be a natural number prime to f . Then, we have


















(m1 − 1)! · · · (mn − 1)!
{














are Stirling numbers of
the second kind (Stirling’s subset numbers).
REMARK. When l = 1, Theorem 4.5 reduces to Proposition 8.13 in [1].
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By virtue of Theorem 3.1, it follows that we can express the sums Mn(l, χ),
Sn(l, χ; e1, . . . , en) by generalized Bernoulli numbers. As a corollary, we give examples
expressing character sums Mn(l, χ), Sn(l, χ; e1, . . . , en) by generalized Bernoulli num-
bers.
PROPOSITION 5.1. Let f > 1 be a natural number prime to 4 and let χ be a prim-
itive Dirichlet character with conductor f . We denote by δ the unique primitive Dirichlet
character modulo 4. We also put ζ = exp(2πi/f ). Then, we get




(ζ 4a − 1)(ζ a − 1)
= τ (χ)
{













(ζ 4a − 1)2(ζ a − 1)
= τ (χ)
{
































The Bernoulli polynomials Bk(x) are defined by using the generating function
tetx





k! (|t| < 2π) .
Corresponding to the Bernoulli polynomials Bk(x), we have the periodic Bernoulli func-
tions Bk(x) given by Bk(x) = Bk({x}), where {x} denotes the fractional part of x.
Let χ be a Dirichlet character modulo f . For x ∈ Q with denominator relatively prime
to f , we can define the value of χ(x) by multiplicativity. Following Snyder [6], we define
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k! (|t| < 2π/f ) . (2.1)
We note that if χ is trivial, Bk,χ (x) reduces to the ordinary Bernoulli polynomials Bk(x).
Corresponding to the generalized Bernoulli functions Bk,χ (x), we have the periodic gener-
alized Bernoulli functions Bk,χ (x) given by Bk,χ (x) = Bk,χ ({x}). This definition leads to
the formula








χ(a + x) ,













χ(la + c) .
REMARK. The other common formulation of periodic generalized Bernoulli func-
tions is the one given by Berndt [2] which does not contain shifted character values. That
is,









For the purposes of this paper, we will use Snyder’s definition.
We denote by Bk,χ the kth generalized Bernoulli number belonging to χ :









Clearly, we have Bk,χ (0) = Bk,χ .
We state the multiplication formula for periodic Bernoulli functions which follows










As a natural generalization of (2.2), we have the multiplication formula for periodic
generalized Bernoulli functions.
LEMMA 2.1. Let n ∈ N with (n, f ) = 1 and x ∈ Q with denominator relatively
prime to f . Then, we have









Proof. By definition, we have








χ(b + nx) .
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Replacing b by nb (which is permissible since (n, f ) = 1) and applying the multipli-
cation formula (2.2), we get











χ(b + x) .
Since χ(b + x) = χ(b + x + f a/n), we have









Thus the assertion of the lemma follows by replacing a by f−1a, where ff−1 ≡ 1(mod n).

We note that when χ is trivial, Lemma 2.1 reduces to (2.2).










the Stirling numbers of the






of permutations of n letters (elements of the symmetric group of degree n) that consist ofm





denote the number of ways to divide a set
of n elements into m nonempty sets. We recall the recurrence relation satisfied by Stirling




















We state the following without proof which appears as Lemma 8.11 in [1].




















3. The Evaluation of Bk,χ (c/l)
Fix a Dirichlet character χ modulo f . For any natural number l prime to f and any













χ(la + c) .
The aim of this section is to obtain a formula expressingBk,χ (c/l) by generalized Bernoulli
numbers using only elementary methods from algebra and number theory.
For any natural number l and any integer u with u | l, denote by lu the u-primary
part of l, that is, the maximum integer which divides l and is prime to u. For any Dirichlet
character δ, we denote by fδ the conductor of δ. For any natural number m, we denote
by X(m) the set of primitive Dirichlet characters δ such that m is divisible by fδ , and by
Y (m) the set of primitive Dirichlet characters with conductor m. We denote by φ Euler’s
phi function. The following theorem is a generalization of Ibukiyama’s Theorem 2 in [4].
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To prove Theorem 3.1, we prepare several lemmas which are generalizations of Lem-
mas 1-3 in [4].








δ(c) = Bk,δχ .




















































fδf b + a
lf
)






































Following the method of Ibukiyama in [4], we obtain an inversion formula. We fix a
natural number l which is prime to f and put L = ∏q|l q , where q runs over primes. For
any m | l, denote by lm the m-primary part of l.














where e is an integer determined by me ≡ d mod lm.
Proof. We prove this lemma by taking the sum over δ ∈ X(l) of both sides of the
formula in Lemma 3.2. For any integer c with 0 ≤ c ≤ l − 1, there exists a unique m | L
such that m | c and (c, L/m) = 1. For such c, we have ∑δ∈X(l) δ(c) =
∑
δ∈X(lm) δ(c),
since δ(c) = 0 whenever (fδ,m) > 1. Denote by A(m) the following set of integers.
A(m) = {c ∈ Z : 0 ≤ c ≤ l − 1, m | c, (c, L/m) = 1}.






























φ(lm) , if d ≡ c mod lm ,
0 , otherwise .
We denote by C(m) the following set of integers:
C(m) = {c ∈ Z : 0 ≤ c ≤ l − 1, m | c, (c, L/m) = 1, and c ≡ d mod lm} .














Let e be an integer such that me ≡ d mod lm. Then (e, lm) = 1 since (d, l) = 1. Hence, it
follows that
C(m) = {m(lma + e) : a ∈ Z, 0 ≤ a ≤ l/(lmm)− 1} .




































LEMMA 3.4. We fix a natural number l prime to f and an integer c prime to l. We












where μ is the Möbius function.
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Proof. For u | v | L and any d ∈ (Z/lZ)∗, we put






where w is determined by (v/u)w ≡ d mod (l/ lu). Also, we put




Next, we apply Lemma 3.3 for (v, l/ lv) instead of (L, l). Noting that (l/ lv)m = lm/lv for













where e is determined by me ≡ d mod (lm/lv). For each m | v, we define u by mu = v.
Then lm/lv = l/ lu, and we get
∑
u|v
g(u, v, d) = f (v, d) .
For any u | v | L, we put G(u) = g(u,L, c) and F(u) = (L/u)k−1 χ(u−1L)f (v,L−1uc).
Observe that g(u,L, c) = (L/v)k−1 χ(v−1L)g(u, v, L−1vc), where L−1vc is regarded as
an element of (Z/lvZ)∗. Hence, we get∑
u|v




= (L/v)k−1 χ(v−1L)f (v,L−1vc)
= F(v) .























We are now in position to prove Theorem 3.1.
Proof of Theorem 3.1. We define L and lm for m | l in the same way as in Lemma










































(1 − qk−1χ(q)δ(q)) .
Hence, we get Theorem 3.1. 
As an immediate corollary, we get Ibukiyama’s Theorem 2 in [4].
THEOREM 3.5 [4]. Let l be a natural number prime to fχ and c be a natural number
prime to l with 1 ≤ c ≤ l − 1. If χ is nontrivial and primitive, we get
fχ−1∑
n=0














Proof. For 1 ≤ c ≤ l − 1 and χ nontrivial and primitive, we have ∑fχ−1n=0 χ(ln +
c)n = χ(l)fχB1,χ (c/ l). Hence, the assertion follows from Theorem 3.1. 
4. The Evaluation of Mn(l, χ) and Sn(l, χ; e1, . . . , en)
Let χ be a primitive Dirichlet character with conductor f > 1. Let n ∈ Z with n ≥ 0,
and let l be any positive integer which is prime to f . We also put ζ = exp(2πi/f ). Let
τ (χ) denote the Gaussian sum τ (χ) = ∑f−1a=1 χ(a)ζ a. We recall the definition ofMn(l, χ)





(ζ la − 1)n(ζ a − 1) ,
Sn(l, χ; e1, . . . , en) =
f−1∑
a1,...,an+1=1
χ(l(a1 + · · · + an)+ an+1) ae11 · · · aenn an+1 .
The aim of this section is to express Mn(l, χ) and Sn(l, χ; e1, . . . , en) by generalized
Bernoulli numbers. We start by expressing the sum Mn(l, χ) by periodic generalized
Bernoulli functions Bk,χ (c/l). We prepare three lemmas.





(1 − ζ aet )k .
We first prove a lemma which is essentially Proposition 8.6 in [1].
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LEMMA 4.1. With notation and assumptions being the same as above, we have











Proof. We proceed by induction on k. The assertion is clear for k = 1. We assume
it is true up to k. Since Pk+1,m,χ (t) = Pk,m,χ (t)+ 1k ddt Pk,m,χ (t), it follows by the inductive
hypothesis together with (2.3) that














































LEMMA 4.2. Let l be a natural number prime to f and c be any integer. Then, we
have


















where l−1 is regarded as an element of (Z/fZ)∗.
Proof. We show this by expressing P1,cl−1,χ (t) in terms of the generating function



























ef t − 1









Expanding e(−c/ l)t as a formal power series and multiplying, we get






















) = 0. 
REMARK. The separability of the Gaussian sum associated with χ was needed in
Lemma 4.2, and is why we imposed the condition of χ being primitive at the beginning of
this section.




















































































































































We are now in position to express the character sumMn(l, χ) by periodic generalized
Bernoulli functions Bk,χ (c/l). The following is a generalization of Corollary 8.7 in [1].
THEOREM 4.4. Let χ be a primitive Dirichlet character with conductor f > 1, and
l be a natural number prime to f . Then, we have
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Proof. For f  a, we have
ζ la − 1
















Thus the theorem follows by Lemma 4.3. 
We now establish the relationship between the character sums Sn(l, χ; e1, . . . , en) and
Mn(l, χ). The following is a generalization of Proposition 8.13 in [1].
THEOREM 4.5. Let χ be a primitive Dirichlet character with conductor f > 1, and
l be a natural number prime to f . Then, we have


















(m1 − 1)! · · · (mn − 1)!
{

























1 · · · aenn an+1ζ (l(a1+···+an)+an+1)n .
Applying Lemma 2.2 to each of the sums over aj (j = 1, . . . , n+ 1), we get




















(m1 − 1)! · · · (mn − 1)!
{









(1 − ζ ln)m1+···+mn(1 − ζ n) .
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(1 − ζ ln)m1+···+mn(1 − ζ n) = (−1)
m1+···mn+1Mm1+···+mn(l, χ) .

REMARK. In the case where ej = 1 for j = 1, . . . , n, we get
Sn(l, χ; 1, . . . , 1) = f
n+1
τ (χ̄ )
Mn(l, χ̄ ) .
By Theorem 4.4 and Theorem 4.5, it is clear that we can express the sums Mn(l, χ),
Sn(l, χ; e1, . . . , en) by periodic generalized Bernoulli functions Bj,χ (c/l). Since the
Bj,χ (c/l) can be expressed by generalized Bernoulli numbers by virtue of Theorem 3.1,
so can the sums Mn(l, χ), Sn(l, χ; e1, . . . , en). This is precisely what we were trying to
show. Next, we work out some examples.
5. Examples
In this section, we give examples of applications of Theorem 3.1, Theorem 4.4, and
Theorem 4.5. Let χ be a primitive Dirichlet character with conductor f > 1, and let l be
any positive integer which is prime to f . We note the following useful fact which follows
from the multiplication formula Lemma 2.1.
l−1∑
c=0
Bk,χ (c/l) = χ(l)
lk−1
Bk,χ . (5.1)
PROPOSITION 5.1. Let f > 1 be a natural number prime to 4 and let χ be a prim-
itive Dirichlet character with conductor f . We denote by δ the unique primitive Dirichlet
character modulo 4. We also put ζ = exp(2πi/f ). Then, we get
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(ζ 4a − 1)(ζ a − 1)
= τ (χ)
{
− 1 + χ(4)
2










(ζ 4a − 1)2(ζ a − 1)
= τ (χ)
{

































Proof. By Theorem 4.4 together with the help of (5.1), we get
M1(4, χ) = τ (χ)
{









M2(4, χ) = τ (χ)
{




















By Theorem 3.1, we get
Bj,χ (1/4) = χ(4)
2 · 4j−1 ((1 − 2
j−1χ̄(2))Bj,χ̄ + Bj,δχ̄ ) ,
Bj,χ (2/4) = Bj,χ (1/2) = χ(2)
2j−1
(1 − 2j−1χ̄ (2))Bj,χ̄ ,
Bj,χ (3/4) = χ(4)
2 · 4j−1 ((1 − 2
j−1χ̄(2))Bj,χ̄ − Bj,δχ̄ ) (j ∈ N) .




ci Bj,χ (c/4) = 1 + 2
i+j χ(2)+ 3i
2 · 4j−1 (1 − 2
j−1χ(2))Bj,χ + 1 − 3
i
2 · 4j−1Bj,δχ .
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Plugging back into the expressions for M1(4, χ), M2(4, χ) given above, we obtain the
assertions (i) and (ii).
By Theorem 4.5, we have




(f − 2)M1(4, χ)− 2M2(4, χ)
)
.
Thus the assertion (iii) follows from (i), (ii). 
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